Abstract. Let G be a simple, simply connected linear algebraic group of exceptional type defined over F q with Frobenius endomorphism F : G → G. In this work we give upper bounds on the number of simple modules in the quasi-isolated ℓ-blocks of G
Introduction
Let G be a simple, simply connected linear algebraic group of exceptional type over F q with Frobenius endomorphism F : G → G. Let ℓ be a prime not dividing q.
When ℓ is a good prime for G, explicit basic sets for the quasi-isolated ℓ-blocks of G F were determined by the author in [17] using [13, Theorem A] and e-Harish-Chandra theory, as established by Cabanes-Enguehard in [7] . In particular, when ℓ is good for G, we know the number of irreducible Brauer characters in these blocks.
When ℓ is bad for G, however, the assertion of [13, Theorem A] no longer holds, and very little is known about the number of irreducible Brauer characters in the quasi-isolated ℓ-blocks of G F . In this paper we give upper bounds for the number of irreducible Brauer characters in the quasi-isolated ℓ-blocks of G F when ℓ is bad for G.
For s ∈ G * F , let l s denote the number of irreducible Brauer characters in E ℓ (G F , s) (see Theorem 2.1). We prove the following replacement of [13, Theorem A] . where t runs over the ℓ-elements of C G * (s) F such that (1) st is quasi-isolated; and (2) C G * (st)
is not of type A. Using Theorem 1.1 and e-Harish-Chandra theory, as established in [12] and [18] , we can determine explicit upper bounds for the number of irreducible Brauer characters in each individual block in E ℓ (G F , s) where s ∈ G * F is a semisimple quasi-isolated ℓ ′ -element. We then use these upper bounds to check the Malle-Robinson conjecture for the quasi-isolated blocks of the finite groups of exceptional Lie type. Together with the results in [17] this yields the following. 
Main tools
Let G be a connected reductive group defined over F q with Frobenius endomorphism F . In this section we will introduce the notation and the main tools used in the proofs of Theorems 1.1 and 1.2.
Let R G L⊆P denote Lusztig induction from an F -stable Levi subgroup L contained in a parabolic subgroup P ⊆ G to G and let * R G L⊆P denote the adjoint functor (see [11, 11. 1 Definition]). By [2] , we can (and will) omit the parabolic subgroup from the subscript for most G and q.
In the few cases where we still do not know if the parabolic subgroup can be omitted, the proofs of Theorems 1.1 and 1.2 are immediate, which is why we omit the parabolic anyway.
Let G * be a group in duality with G with respect to an F -stable maximal torus T of G (see [11, Definition 13.10] ). By results of Lusztig, Irr(G F ) is a disjoint union of so-called (rational) Lusztig series E(G F , s), where s runs over the G F -conjugacy classes of semisimple elements of the dual group G * (see [8, Definition 8.23] ). Recall the following classical result about the block theory of finite groups of Lie type. For good primes ℓ we have the following stronger result. Let χ be an ordinary irreducible character of G F . We denote the restriction of χ to the ℓ-regular elements of 
is an ordinary basic set for the union of blocks E ℓ (G F , s).
Note that the assertion of Theorem 2.2 no longer holds for bad primes (see section 1.2 of [14] for a counterexample). The crux of this work is therefore to find a replacement for Theorem 2.2 when ℓ is a bad prime.
The following results are the key tools in the proof of Theorem 1.1. Proof. Suppose (a) is satisfied. We have
By [14, Proposition 2.1] and the fact that
. Assume condition (b) to be satisfied. We have
. Since s and t are commuting elements of coprime order, we have
In particular, C C G * (s) (t) and C C G * (t) (s) are connected. By our assumption on the order of s,
. By [17, Proposition 1.10] and our assumption on the order of s, L * ∩C
When applying Lemma 2.3, we will always work with F -stable elements. A natural question is therefore if the minimal Levi subgroup L * in Lemma 2.3 is F -stable as well. When C G * (st) is connected this is immediate, since we then have 
Now G * acts transitively on V by conjugation and this action is compatible with the natural F -action on V . Hence there exists an We denote the characteristic function of the set of ℓ-regular elements of G F by γ ℓ ′ .
Theorem 2.5. Let G be a connected reductive group defined over F q with Frobenius endomorphism
Proof. [11, Proposition 13 .30]). The order of θ t is equal to the order of t and is therefore a power of ℓ. Thus, θ
is uniform (see [11, Definition 12.11] ). We can therefore write
where T * runs over the F -stable maximal tori of C
• G * (st) with suitable coefficients α T * ∈ Q. If we restrict χ to the ℓ-regular elements of G F , we see that Table 1 .
The order of s is denoted by o(s). Table 1 . Quasi-isolated elements in exceptional groups
A block of H is said to be quasi-isolated if it is dominated by a quasi-isolated block of G F and unipotent if it is dominated by a unipotent block of G F .
Let e ≥ 1 be an integer. We say an irreducible character of
Then we call (L, λ) an e-split pair. We define a binary relation on e-split pairs by setting
Since the Lusztig restriction of a character is in general not a character, but a generalized character, the relation ≤ e might not be transitive. We denote the transitive closure of ≤ e by ≪ e . If (L, λ) is minimal for the partial order ≪ e , we call (L, λ) an e-cuspidal pair of G F . Moreover, we say (L, λ) is a proper e-cuspidal pair if L G is a proper F -stable Levi subgroup of G.
The e-cuspidal pairs of G F are the key ingredient in the parametrization of the blocks of
From now on let G be a simple, simply connected algebraic group of exceptional type defined over F q with Frobenius endomorphism
Using e-cuspidal characters of central ℓ-defect, Enguehard was able to parametrise the unipotent blocks of G F for bad ℓ (see [12] ). Later on, Kessar and Malle, used the characters of quasi-central ℓ-defect to parametrise the quasi-isolated blocks of G F for bad ℓ (see [18] ). For this, they had to prove that the relation ≤ e , restricted to the set of e-cuspidal pairs (L, λ) corresponding to a quasi-isolated element 1 = s ∈ G * F , is transitive ([18, Theorem 1.4 (a)]). In particular, Malle and Kessar showed that R G L satisfies an e-Harish-Chandra theory above each e-cuspidal pair (L, λ) corresponding to a quasi-isolated element
The reason we focus our attention on the quasi-isolated blocks of G F are the results of Bonnafé-Rouquier [3] and more recently Bonnafé-Dat-Rouquier [1] . We use their reduction to quasi-isolated blocks to later prove the corollary to Theorem 1.2.
Notation 2.8. Let B be a quasi-isolated ℓ-block of G F where ℓ is bad. In this case B corresponds to (exactly) one of the numbered lines in the tables of [12] or [18] . If i is that number, we will say that B is a block numbered i or that B is of type i. Moreover, if B is unipotent we add u as a subscript and say that B is a block numbered i u or of type i u .
Next, we will briefly recall the Malle-Robinson conjecture. Let H be a finite group. If N K ⊆ H are two subgroups of H, we call the quotient K/N a section of H. The sectional ℓ-rank s(H) of a finite group H is then defined to be the maximum of the ranks of elementary abelian ℓ-sections of H. If strict inequality holds, we say that the conjecture holds in strong form. Since the defect groups of a given block B are conjugate and therefore isomorphic to each other, we often write s(B) instead of s(D).
The blocks of G 2 (q) and F 4 (q)
Let G be a simple, simply connected algebraic group of type G 2 or F 4 defined over F q with Frobenius endomorphism F : G → G. The groups of type G 2 and F 4 are self-dual and therefore also of adjoint type. As a result, centralisers of semisimple elements in G are connected.
The ranks of these groups are small enough to extend the assertion of Theorem 1.1 to all ℓ-blocks.
Theorem 3.1. Let ℓ ∤ q be a bad prime for G and let s ∈ G * F be a semisimple
F ℓ satisfies conditions (1) and (2) we can not apply Theorem 2.5, which is why the corresponding Lusztig series are part of the asserted generating set.
Since {χ
by Theorem 2.5(a). Now, suppose that L * is of type B or C (hence G is of type F 4 ). By [22] or [4] , we know that either st ∈ Z(L * ) or that C G * (st) is of type A. In the first case, it is immediate that t ∈ Z(L * ) and, therefore, ψ • ∈ QÊ(G F , s) by Theorem 2.5 (a) while in the second case, ψ
• ∈ QÊ(G F , s) follows from Theorem 2.5 (b). Suppose Table 1 , st is only quasi-isolated when s = 1. More precisely, st satisfies both conditions (1) and (2) only when G is of type F 4 , s = 1, ℓ = 2 and t ∈ C G * (s)
It follows from Theorem 3.
To prove the Malle-Robinson conjecture for the quasi-isolated blocks B of G F , we show that
.
We define
Since ℓ is assumed to be a bad prime, the only cases that occur are e = 1 and e = 2. Proof. We will prove the assertion for the harder case, namely when G is of type F 4 . The proof for type G 2 follows the same approach. Let B be a non-unipotent quasi-isolated block of G F associated to a line in [18, Table 2 ] and let (L 1 , λ 1 ), . . . , (L r , λ r ) be the e-cuspidal pairs associated to that block. By Theorem 3.1 and [18, Theorem 1.4] we conclude that
and these relative Weyl groups can be found in [18, Table 2 ]. Let (L, λ) now be the unique
. We prove the Malle-Robinson conjecture by establishing the stronger inequality
Checking Table [18, Table 2 ], we see that Z(L)
is an e-torus in every case. Let ℓ = 3 and let B be a quasi-isolated 3- Table [18, Table 2 ] and we see that c(B) < 3 Table 2 ]. To prove the conjecture it suffices to take s(Z(L) 
If e = 2, then the Ennola dual of line 2b gives a 1-split torus Φ 4 1 which yields an elementary abelian 2-subgroup of rank 4. The rest of the proof did not depend e. Now, let B be a unipotent block of
. . , (L r , λ r ) be the unipotent e-cuspidal pairs associated to B by [12, Théorème A (a)]. We know that r = 1 whenever B is not the principal ℓ-block by [12, Théorème A (c)]. Let ℓ = 3. In this case
This sum can be computed using Chevie [22] . Suppose that (L, λ) is the unipotent e-cuspidal pair such that 
, where t 1 and t 2 are quasi-isolated 2-elements of G * with C G * (t 1 ) = C 3 × A 1 and C G * (t 2 ) = B 4 . There are 3 different unipotent 2-blocks (see [12] ) -the principal block, corresponding to a maximal torus, and two blocks of defect zero corresponding to the unipotent e-cuspidal characters of
is one of the blocks of defect zero then Irr(B) = {χ}. Hence l(B) = c(B) and the Malle-Robinson conjecture clearly holds. Furthermore, it follows that every Lusztig series of the form E(G F , t) where 1 = t ∈ G * F 2 , lies in the principal block. Suppose that B is the principal block. Here, the conjectured upper bound has been proved in [20 We know a great deal about the Levi subgroups of G.
Proof. This can be checked with Chevie [22] . 
Proof. We proceed as in the proof of Theorem 3. st) . Let L * G * be the minimal Levi subgroup containing C G * (st). Note that the proper Levi subgroups of G * are either of type D or a product of groups of type A (or maximal tori, in which case t ∈ Z(L * )). Moreover,
by Lemma 2.3 (a) and the proof of Theorem 2. To get an upper bound for l s where s ∈ G * F corresponds to the blocks numbered 14 and 15, we will use a slightly different approach. Note that, by [21, Table 24 .
E 6,sc (q) and 3 ∤ (q + 1).
In particular, G 
Proof. Note that there are no quasi-isolated elements in G * of order greater than 6. Further, the quasi-isolated elements of G * of order 6 are of the form xy where x is a semisimple quasiisolated element of order 2 and y is a generator for Z(G * F . In particular, C G * (xy) is of type A. Let ℓ = 2. If 1 = s ∈ G * F is a semisimple quasi-isolated 2 ′ -element, then we can use the proofs of Section 3. Let 1 = s ∈ G * F be a semisimple non-quasi-isolated 2 ′ -element and let t ∈ C G * (s) F 2 . Since st is not quasi-isolated, there is a Levi subgroup L * minimal with respect to
is of type A and we can conclude as we did before.
be a semisimple non-quasi-isolated 3 ′ -element and let t ∈ C G * (s)
The assertion follows because 3 is a good prime for every proper Levi subgroup of G * . Suppose that 1 = s (so we are talking about the unipotent blocks). For ℓ ∈ {2, 3} the centralisers of semisimple ℓ-elements are either Levi subgroups of G * or of type A and since G is of adjoint type they are connected. Therefore we can conclude as before.
Theorem 4.5. Let G be a simple, simply connected algebraic of type E 6 defined over F q with Frobenius endomorphism F : G → G Then the Malle-Robinson conjecture holds for the quasi-isolated blocks of
Recall Notation 2.8.
Proof. We demonstrate the proof for G F = E 6 (q) and E 6 (q)/Z(E 6 (q)). The proofs for 2 E 6 (q) and 2 E 6 (q)/Z( 2 E 6 (q)) are similar. We can determine c(B) by checking [18, Table 3 LetB now be a quasi-isolated block of H = G F /Z(G F ) with defect groupD dominated by a quasi-isolated block B of G F not of type 5, 11 and 13 (for these exceptions see Proposition 4.9 and Corollary 4.11). By [23, Theorem (9.9)(c)], l(B) = l(B) andD is of the form
. Thus, the conjecture holds forB since it holds for B. If ℓ = 3 and e = 2 (i.e. B is dominated by a block of type 14 or 15), then Z(G F ) = 1. Thus,B = B and we are done.
The blocks numbered 5 and 11
Let G be a connected reductive algebraic group (only for this exposition) and let G 
Let ℓ ∤ q be a prime. We denote the sum of the block idempotents of the ℓ-blocks contained in However the problem arises only (in a very specific case) when groups of type D n (n ≥ 4) are involved in G.
Let G now be a simple, simply connected algebraic group of type E 6 again. Let s ∈ G * F be a quasi-isolated element of order 3 with C G * (s) Proof. We demonstrate the proof for the blocks of type 5. Let B be a block numbered 5.
Hence, c(B) = 12. For the lower bound on s(B) we use Theorem 4.6 and the classification of unipotent blocks in bad characterstic obtained by Enguehard [12] . Let D be a defect group of B. We are interested in elementary abelian 2-sections of D. By Theorem 4.6 we can reduce this to the study of defect groups of the Bonnafé-Dat-Rouquier correspondent block of N F which itself covers a unipotent block of L F . By Remark 4.8, we are done if we can find a sufficiently large elementary abelian 2-section in the defect groups of this unipotent block of L F . We can furthermore reduce this to the study of the defect groups of the unipotent blocks of the group
F as can be seen as follows. Restriction of characters gives a bijection 1) , (m, m)}. Since the two A 1 -factors are of simply connected type their Sylow 2-subgroups -denoted by Q and Q ′ respectively -are generalized quaternion. Clearly, m is contained in both of them and is moreover also contained in their commutator subgroups. Hence, S is contained in Q × Q ′ and in
In particular (Q × Q ′ )/S is a Sylow 2-subgroup of C and is therefore contained in a Sylow 2-subgroup of
where the last isomorphism is a general property of generalized quaternion groups. Hence, 4 ≤ s(B).
The block numbered 13
We demonstrate the ideas for G F = E 6,sc (q). The arguments for 2 E 6,sc (q) are similar. Let B = b G F (L, λ) be the block of G F numbered 13. In particular, ℓ = 3 and e = 1 and B corresponds to s ∈ G * F with C G * (s) = A 5 × A 1 . To prove the assertions of Theorems 1.1 and 1.2 for s and B respectively, we will use block theory to shift from the simply connected group to their dual group, which is of adjoint type. Here, the problems with disconnected centralisers do not arise. We will proceed as follows:
(1) Determine an upper bound on ℓ(B) via the adjoint groups. (2) Determine a lower bound on s(B) via the simply-connected groups. This approach is supported by the following diagram (which follows from [21, Proposition 24.21] for example).
By the theory of dominating blocks (see e.g. [23, Chapter 9] ), B dominates a unique block 
Remark 4.10. Let B be an arbitrary block of G F sc corresponding to a semisimple ℓ ′ -element s = 1. Let π denote the projection from G sc to G ad . In general it is not known ifB corresponds to π(s). So far, this has only been proved for unipotent ℓ-blocks when ℓ is a good prime for G (see [6, Theorem 12] ).
In any case, we are not able to immediately transition from B toB as we lack the necessary theory. However, we know that |D| is either |D| or by S(B) thenB ∈ S(B). We can determine S(B) using e-Harish-Chandra theory. First note that similar arguments as in the proofs in [18] also work for the groups of adjoint type and are, in fact, much easier (since there are no disconnected centralisers). Furthermore, the results in [18] can easily be extended to non-quasi-isolated blocks. In particular, if an arbitrary blockB (with defect groupD) of G To prove the Malle-Robinson conjecture for B it therefore suffices to prove
The sectional 3-rank of B is at least 6 since Z(L)
where s is a quasi-isolated element of G Proof. We demonstrate the proof for the case G F = E 6 (q). Here, E 3 (G F , s) = Irr(B) where B is the block of G F numbered 13. By the above we therefore have
With this the assertions of Theorem 1.1 and Theorem 1.2 have been proved for the groups of type E 6 .
The quasi-isolated blocks of E 7 (q)
Let G be a simple, simply-connected algebraic group of type E 7 defined over F q with Frobenius endomorphism F : G → G. Since the center of G is disconnected, we encounter the same intricacies we encountered for E 6 .
Let ℓ be a bad prime for G not dividing q. Let 1 = s ∈ G * F be a semisimple, quasi-isolated ℓ ′ -element and let t ∈ C G * (s) F ℓ . Checking Table 1 , we see that elements of order 6 are not isolated and elements of order greater than 6 are not quasi-isolated in G * .
* is of one of the following types:
Proof. This can be checked using Chevie [22] .
Proof. Similar to the proof of Proposition 4.3. We use that the Levi subgroups of type E 6 have a simply connected derived subgroup.
Remark 5.3. Let z be a quasi-isolated element of order 6 in G * . It can be shown (using Chevie for example) that z = st where s is quasi-isolated of order 2 with [C
, and t is quasi-isolated of order 3 with C G * (t) = A 5 × A 2 (or vice-versa). Proof. By Ennola duality we can assume that e = 1. Let ℓ = 3. Except for the blocks numbered 2, 8, 9, 10 and 11, it is, first of all, easy to determine c(B) and secondly, s(Z(L) , λ) is the e-cuspidal pair associated to the given block. For the block numbered 2, line 2b of [18, Table 4 ] yields a sufficient lower bound on s(B). To prove the conjecture for the blocks of type 8, 9, 10 or 11, we need to determine how the Lusztig series corresponding to the ℓ ′ -elements satisfying conditions (1) and (2) of Proposition 5.2 decompose into 3-blocks. Recall that
By the assumption on e, the only Φ i (q), appearing in the expression above that are divisible by 3 are Φ 1 , Φ 3 and Φ 9 . While Φ 1 (q) can be divisible by higher powers of 3 (depending on q), Φ 3 (q) and Φ 9 (q) are only divisible by 3. Hence, 
By the definition of the defect of B (see [23, Definition (3.15 )]) we have
We get the following table.
We start with the blocks numbered 8 and 9. Let s ∈ G * F be the semisimple element corresponding to the blocks numbered 8 and 9. By Proposition 5.
. We claim that the series E(G F , st) is contained in the block numbered 8. Let Ψ st denote the Jordan decomposition associated with st (see [8, Corollary 15.14] ). Let χ ∈ E(G F , st). By [11, Remark 13 .24] we have
The right side of this equation can easily be computed and we observe that χ(1) 3 < 3 3 |Φ 1 (q)| 4 3 for every χ ∈ E(G F , st). So it follows from (2) that E(G F , st) is fully contained in the block numbered 8. We argue similarly for the blocks of type 10 and 11. It can be shown that the Lusztig series corresponding to the quasi-isolated element of order 6 (appearing in the generating set for the union of the blocks of type 10 and 11) is contained in the blocks of type 10.
For the quasi-isolated blocks of G F /Z(G F ) we use the arguments of the proof of Theorem 4.5.
Let ℓ = 2 now. Since we assumed that e = 1, a quasi-isolated 2-block of 2 ) suffices to establish the conjecture. For the blocks numbered 1 and 2 we will argue as we did for the block numbered 13 of E 6 (q). The assertion then follows from Corollary 5.6 below.
The blocks numbered 1 and 2
In this section we finish the proof of Theorem 5.4 (therefore finishing the proof of the assertion of Theorem 1.2 for E 7 (q)) and the proof of the assertion of Theorem 1.1 for E 7 (q). As before we can assume that e = 1. Proof. Suppose that ℓ = 3. Let 1 = s ∈ G * F be a semisimple 3 ′ -element and let t ∈ C G * (s)
In the first case, we conclude as we did before for connected centralisers of type A. Hence, suppose that st is not quasi- 
. In this case none of our methods can be applied.
Let ℓ = 2. For a 2-block B of G by S(B). For the blocks 1 and 2 we will use the same approach that we used for the block numbered 13 in the last section. Let s ∈ G * F sc be a quasi-isolated element corresponding to the block numbered 1 (respectively 2). By [18] , E 2 (G F , s) consists of only one block. Let B be numbered 1 (respectively 2) and let D be a defect group of B. Note that the blocks corresponding to the two exceptions in Theorem 5.5 do not lie in S(B). As before we define c(B
Let B be the block of G Table 4 ]). Similarly we argue for the block numbered 2 using line 2b. Hence, it suffices to show
However, this was established above when we proved the conjecture for the block B.
As a corollary of these arguments we have the following.
Proof. Similar to the proof of Corollary 4.11.
6. The quasi-isolated blocks of E 8 (q) Let G be a simple, simply connected algebraic group of type E 8 defined over F q with Frobenius endomorphism F : G → G. Recall that simple algebraic groups of type E 8 are both simply connected and adjoint. We will therefore omit any specification of the isogeny type as we did in Section 3. Before we prove the Corollary to Theorem 1.2 we introduce the object in question. Let H be a finite group and let B be an ℓ-block of H. Then (H, B) 
